PROPER HOLOMORPHIC MAPPINGS BETWEEN 
SYMMETRIZED ELLIPSOIDS 



PAWEL ZAPALOWSKI 



Abstract. We characterize the existence of proper holomorphic mappings in 
the special class of bounded (1,2, . . . , rebalanced domains in C n , called the 
symmetrized ellipsoids. Using this result we conclude that there are no non- 
trivial proper holomorphic self-mappings in the class of symmetrized ellipsoids. 
We also describe the automorphism group of these domains. 



1. Introduction and statement of results 
For n > 2 and p > let 

71 

B p ,„ :={(z 1 ,...,z„)eC":^|2 J | 2p <l} 

3=1 

denote the generalized complex ellipsoid. We shall write B n := Bi,„, T := dM±. 
Note that B p .„ is bounded, complete Reinhardt domain. 
Let ir n = (ir n ,i, ■ ■ ■ , Tn,n) : C" — > C" be defined as follows 

n n ,k( z ) = X! z h--- z 3k> UK", z = (zi,...,z n )eC n . 

l<j'i<--<jfc<n 

Note that ir n is a proper holomorphic mapping with multiplicity n!, 7r n |B p „ : B Pi „ — > 
) is proper too. 
The set 

is called the symmetrized (p, n)-ellipsoid. Note that E Pj „ is bounded (1,2,..., re- 
balanced domain (recall that a domain I? C C n is called the (fci, . . . , k n )-balanced, 
where hi,..., k n G N, if (A fel 2i, . . . , \ kn z n ) £ Z3 for any (zi, . . . , z n ) £ D and 
A € Bi). Geometric properties of E p .„ were studied in [T3]. Here we answer some 
of the open questions posed there. As the definition of the symmetrized ellipsoid 
is similar to the one of the symmetrized polydisc G n := tt„(B"), which has drawn 
a lot of attention recently (see [1] , [5] , [7] , [11] and the references given there) , it is 
quite natural to ask which properties of the symmetrized polydisc are inherited by 
the symmetrized ellipsoids. 

Our aim is to give necessary and sufficient condition for existence of the proper 
holomorphic mappings between the symmetrized ellipsoids, the class of bounded 
(1, . . . , n)-balanced domains. 

Here is some notation. Let & n denote the group of permutations of the set 
{1, . . . ,n}. For a G 6„, z = (z\, . . . , z n ) G C™ denote z a := (z CT (i), . . . , z CT ( n )). Next, 
for any A C C put A* := ^4\{0}, A™ := (A*) n . Moreover, for any z = (zi, . . . , z n ) G 
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C™, w — (wi, . . . ,w n ) G C™, ( £ C and r > we put zw := (ziWi, . . . , z n w n ), 
tz := (tzi, . . . , tz n ), and z r := (z[, . . . , zQ. 

Remark 1. (a) Let i G N. Observe that C n 3 z H- 7r„(z') e C n is a symmetric 
polynomial mapping. According to the fundamental theorem of symmetric polyno- 
mials (see e.g. [TU]) there is a unique polynomial mapping P; : C™ — > C" such that 
ir n (z l ) = Pi(ir n (z)), z G C". In particular, i^(E Pl „) = E p /j. n for any p > 0. 
(b) Fix i,B,CeC and put L := (L x , . . . , L„) : C" -> C n , where 

n 

Lj(z) := + + C, z= fa,..., z n ) G C n , j = l,...,n. 

fe=i 

Observe that 7r„ o L is a symmetric polynomial mapping. According to the funda- 
mental theorem of symmetric polynomials there is a unique polynomial mapping 
Sl '■ C" — > C" such that ir„ o L = Sl ° TTn- 

Now we are in position to formulate our main result. 

Theorem 2. There exists proper holomorphic mapping f : E Pi „ — > E g/rl iffp/q G N. 
Furthermore, if p/q G N, the only proper holomorphic mappings f : E Pj „ — > E 9j „ 

(a) in case 1, or q =/= l/(2m), m G N, or n ^= 2 are of the form 

(1) / = fy, O 0, 

where P p / q is as in Remark^ (a) and cj) is an automorphism o/E Pjrl ; 

(b) in case p = 1, q = 1/ (2m). to G N, and n = 2 are of the form {!]) or 

f = Prn ° 4>iii ° P2 ° <fin, 

where <pu (resp. <f>m) is the automorphism o/Ei^ (resp. Ei/2,2^ defined 
in Corollary^ 

Similar classification for the class of generalized complex ellipsoids (with not 
necessarily equal exponents on each coordinate) was done in [5] (the case of positive 
integer exponents) and [6] (case of positive real exponents). 

An immediate consequence of Theorem[5]is the following Alexander- type theorem 
for the symmetrized ellipsoids saying that every proper holomorphic self-map of the 
symmetrized ellipsoid is an automorphism. 

Corollary 3. Let f : E Pi „ — > E Pi „ be a proper holomorphic self-mapping. Then f 
is an automorphism. 

Theorem of that type was obtained in the case of B„ in [3] and its generalization 
on complex ellipsoids was done in [9] and [6] . Recently similar result was obtained 
in [5] for the tetrablock, which is (1, 1, 2)-balanced domain in C 3 . Characterization 
of proper holomorphic self-mappings of symmetrized poly disc is done in [7] . 

Furthermore, from the proof of Theorem [5J the automorphisms group of E p „ 
may be easily derived. 

Corollary 4. (a) If p ^ 1 and (p,n) 7^ (1/2,2) then the only automorphisms 
o/E Pi „ are of the form 

(2) <f> I (Zl,Z 2 , ■ ■ ■ ,Z n ) = {(Z 1 ,( 2 Z2, ■ ■ ■ ,C l Zn), (Zl, Z 2 ■ ■ ■ , Z n ) € E P) „, 

where ( e T. 

(b) The only automorphisms o/Ei jn , are of the form 
, , 1 / \ ( S L x {z) S L n {z) \ 

(3) to {z = — ^ —J£n _ z = (zi, . . . , z n ) G Ei „, 

\n{l-a zi) n n (l-a zi) n J 
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where Sh vil — (Sl v 1, ■ ■ ■ , ,i) is the polynomial mapping as in Re- 
mark^ (b) induced by L VlI — {L VlI _\, . . . , L VII>n ) : C — > C n , where 

n n 

L VlI ,j(zi, . . .,z n ) := (ijy^Zk ~ na^j + C 2 \J 1 - na%( ^ z k - nz^j, 

k=l k=l 

for some & , C2 G T, a € R, o| < i . 
(c) XTie cm/y automorphisms a ?"e of the form (0) or 

(4) <f>IIl(z 1 ,Z 2 ) = ((ziX 2 (j z l - z 2)) , (Z1,Z2) G Ei/2,2, 

where £ G T. 

Remark 5. It should be mentioned that the automorphisms of the form ([2]) arc 
special cases of the automorphisms of the form ([2]) . 

Acknowledgements. The author is greatly indebted to L. Kosihski for many 
stimulating conversations. 

2. Proofs 

Remark 6. For a (fci, . . . , fc„)-balanced domain D C C™ one may define the gener- 
alized Minkowski functional 

(j, D (z 1 ,...,z n ) := inf{A > : (A~ fcl zi, . . . , X~ kn z n ) <= D}, (zi,...,z n ) G C". 

Observe that for (1,2,..., n)-balanced domain E p ,„ we have 

/-*E P ,„(z) = max {(X] Hl 2p ) 7 ^ : (wi,...,w n ) Gtt^ 1 ^)}, z6C n . 
In particular, jUg n is continuous. 

Proof of Theorem^ If p/q e N then /(z) := P p / q {z) is a proper holomorphic 
mapping between E p .„ and E g .„. 

Assume / : E Pi „ — > E 9i „ is proper and holomorphic. Since //e n is continuous, it 
follows from [5] that / extends holomorphically past the boundary, <9E p .„, of E P) „. 
Hence there is a domain V C C n such that 

• y n 9E P: „ ^ 0, 

• the mapping /|y : V — > /(V) is biholomorphic, 

• the mappings tt^-i^ : 7T- X (7) -> V and Tr^-i^^ : ^(/(V)) ->■ 
f{V) are biholomorphic. 

Since 7r n (i9B pn ) = 9E pn , it is not restrictive to assume that for a domain U '■= 

• un 5B P ,„ ^ 0, 

• the mapping U 3 z z p G g P (U) is well defined and biholomorphic, 

• the mapping tt" 1 (f(n n (U))) 3 z A z« G ggfe 1 (/(vr n (J7)))) is is well 
defined and biholomorphic. 

Hence the mapping ip := tt~ 1 o / o ir „ | j/ : {J — > V-'(C^) is weu defined and biholo- 
morphic. Consequently, the mapping ip :— g q o o gp 1 \ gp (u) is holomorphic and 
f\g p (u)n« n is biholomorphic. As ip(g p (U) n <9B„) C dM n , it follows from [5] that (/? 
extends to an automorphism of B n , still denoted by <p = (ipi, . . . , ip n ). Hence 

(5) Vn(v L/q (z)) = f(* n (z 1/p )), z£9p(U). 
We use the following lemma which will be proved afterwards. 

Lemma 7. Let ip be an automorphism o/B n which satisfies {SJj and let m := 1/q, 
I := 1/p. 
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(a) If m (£ N then m/l € N and, up to permutation of variables, tp is of the 
form 

(6) tpi(zi,...,Z n ) = ((mZl,---,'llnZn), 0»1, • • • , Z n ) G B n , 

for some (, rjj G T, 77™ = 1, j = 1, . . . , n. 

(b) IfmeN then I e N and m/l e N. Moreover, 

(i) if I = 1 and n 3 iften, up to permutation of variables and compo- 
nents, tp is of the form tpjj — (<pn t i, . . . , <pii >n ), where 

( 7 ) fii, 3 (zi,...,z n ) 

Cn ra \ 

Ci (|> - na ) + C2 Vl - n«g ( £ ** " J > 

(zi, . . . , z„) e B n , 

/or some a 6 K, Aq < A, Ci, C2, Vj € T, 77™ = 1, j = 1, . . . , n; 

(ii) if I 2 and n 3 t/ien, up to permutation of variables and compo- 
nents, tp is of the form {j3J); 

(iii) if I = 1 and n = 2 t/ien, up to permutation of variables and compo- 
nents, tp is of the form J?J); moreover, if m is even then, additionally, 
up to permutation of variables and components, tp is of the form 

(8) <pui{z\,Z2) 

= "T^ 1 ; v\ ( Ci(^i +z 2 - 2a ),( 2 Jl- 2a 2 , (zi - z 2 ) J , 

V2(l - a (z 1 + z 2 )) V v / 

(z u z 2 ) G 1 2 , 

for some (1 , (2 € T and flo £ 1, Sq < | >' 

(iv) if I — 2 and n = 2 t/zen, Tip to permutation of variables and compo- 
nents, ip is of the form fSJ) or 

c 

(9) ^ivC-Si)^) = ^/l^l +Z2>V{zi - («i,z 2 ) GB 2) 
for some (,i)gT, 77" 1 = 1. 

Remark 8. It should be mentioned that the automorphisms of the form ([5]) are 
special cases of the automorphisms of the form ([7]). 

Note that for any automorphism tp of B„ which satisfies ©, ©, or (0) respec- 
tively, there is an automorphism tp of B„ such that TT n (ip m (z)) = ir n ((p m (z)) and 
TT n ((p l (z)) = % n {<P l {za)) for an y z G B n , and cr G 6„. 

Indeed, 

• in case of ([6]) it suffices to take tp of the form ([6]) with rjj = 1, j = 1, . . . ,n. 
Then the relation <f> o tt u — ir n o tp defines the automorphism <f)j of E Pi „ of 
the form @, which obviously satisfies the relation 

(10) </>M* 1/p )) = M<p 1/p (*))> 

• In case of it suffices to take tp of the form ([7]) with rjj = 1, j = 1, . . . , n. 
Then the relation <fi o n n = 7r„ o tp defines the automorphism 4>u of Ei „ of 
the form ([3]), which obviously satisfies the relation (fTO)) , 

• In case of ([9]) it suffices to take tp of the form ([9]) with r/ 2 = 1. Then the 
relation (|10p. which in this case has form 

0(tt 2 (z 2 )) =^ 2 ((^ 2 (z)), zeB 2 , 

defines the automorphism <j>jjj of Ej/ 2 2 of the form (HJ). 
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It follows from Lemma [7] that p/q — m/l G N. Consequently, using (|TU| . 

f{Kn{z 1,P )) = Kn{^ /q {z)) = 7T n & 1/q (z)) = 7T n ((^/P ( 2 ) )P/?) 

= P p/g (7r n (^/f( z ))) = P p/9 (0( 7r „(z 1 /P ))); z e 5p(C/) . 

The identity principle implies that / = P p / q ° </> which ends the proof in the case, 
when equality ([5]) is satisfied by the automorphisms of the form (O, ©, or (0). 

In the case when equality §5§ is satisfied by the automorphism of the form (|5]), 
the situation is slightly different and we proceed as follows. First observe that 
fin = fiv fiii where ipiv and <pn are taken with r) = 771 = 772 = 1. Since m is 
even, m = 2m' for some m' G N. Then the previous cases imply 

/(*■„(*)) = 7T 2 (^'(Z)) = Tra^W*))) = P ro '(^(^(^/W))) 

= Pm'WlIlfaCfili*)))) = Pm'{<t>IIl{P2{<t>Il{^{z))))), z G ffl (t0, 
whence / = P TO / o <^>jjj o P 2 o <pjj. □ 

Remark 9. Following |12j any automorphism </j = (<£>i, . . . , ip n ) of the unit ball is of 
the form 

</WJ = #m — = r, ^ = («l,---,2n) € !„, J = l,...,n, 

Pi 1 - Lfc=i a fc z *0 

where a = (ai, . . . , a n ) G B„ is arbitrary, Q = [<7j,fc] and R are respectively a n x n 
matrix and a constant such that 

Q(I„ - a*a)^Q = I n , P(l-*aa)P=l, 

where I n is the unit nxn matrix, whereas A (resp. t A) is the conjugate (resp. trans- 
pose) of an arbitrary matrix A. Moreover, a, Q, and R satisfy 

' i QQ-\R\ 2 a t a = l n 

(11) < |i?| 2 - WQQa = 1 

tQQa = \R\ 2 a 

In particular, Q is unitary if a = 0. 

Proof of Lemma [7J In the proof we will use the form of automorphism ip of B n as 
in Remark 

Ad (a). Assume m ^ N. Note that the function on the right side of ([5]) 
is well denned on any domain D c B„ n C™ such that the fiber Dj := {A G 
C : (zi, . . . , Zj-i, A, Zj+i, • . ■ , z n ) G D} is connected and simply connected for 
j = 1, . . . ,n. In particular, the function D 3 x t— > (IIj=i Vjiz))" 1 i s holomorphic. 
Assumption m $ N implies that 

(12) n o c c:. 

We show that ip is of the form ©. 

First we show that a = and for any j G {1, . . . , n} there exists a unique k such 
that g^fc 7^ 0. 

Indeed, suppose the contrary. Then either 

• there are j, k\, ki with k\ ^ k 2 and qj,k\ 7^ ^ , or 

• there are j, fci with qjk-y 7^ ^ (since ip is one-to-one mapping, for any 
k there is a j such that g^fe ^ 0). 

In both cases one may define 

w kl ■■= a kl - ^2 -^~{ w k ~ a-k) ^ 0, 
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provided Wk £ C* , k ^ k± , are chosen close to enough. Clearly, one may assume 
that w :— (wi, . . . , w n ) £ B„. Consequently, w £ B n nC" with <fij(w) — — a 
contradiction with (|12p. 

First equality in (fTTj) implies that y(zi, . . . , z n ) = (Ci^o-(i): • • • i CnZ a t n )) f° r some 
a £ & n and (j £ T, j = 1, . . . , n. Moreover, §5§ and the identity principle imply 
that for any lo £ & n there is r € & n such that 

z w(l)> • ■ ■ > Sm z w(n)J — IW(1) z t(1)i • • • ) S T (T0'MnVi z <= K «' 

whence we conclude that (J 1 — (JI 1 — C for j, k — 1, . . . ,n, i.e. (/? is of the form ([6]). 
Finally, observe that (|S|) implies that 

f(ir n (z l ))=n n ((z m ), zeg p (U). 

Hence f n (zi,... ,z n ) = C^z™^ 1 . Since / is holomorphic on E Pi „, we conclude that 
m/l £ N. 

Ad (b). Assume now m £ N. Then 7r„ o yj" 1 : B„ — > is the proper 

holomorphic mapping with multiplicity nlm. Thus equality (JS|) extends on B„ and 
implies that gi/ p : B„ — ¥ B p „ is the proper holomorphic mapping with multiplicity 
l/p = I £ N, m = fcZ, where fc € N is the multiplicity of /. 

The equality §5§ and the identity principle imply that for any a £ & n and £ = 

(6 We IT™, £j = 1, j = 1, . . . , n, there are t £ G n and r? = (r?i, . . . , rj n ) £ T'\ 

77™ = 1, j = 1, . . . , n, such that 

(13) <p{z) = riipr^z,?), z £ B„. 

Observe that condition (1T31 implies that a — (ao, . . . , ao) for some ao £ ^=Bi. 
Indeed, for any a £ & n there are r £ 6 ra and 77 £ T n such that 

= ip(a) = 77^ T (a CT ). 

Hence (p{a a ) = 0, i.e. a = a CT . 

Moreover, for I > 1 ip is unitary. Indeed, suppose o ^ 0. Then there is £ € TP 1 , 
= 1, with £a 7^ a. Hence = <p(a) = rj(p T (£a) — contradiction, since <p T {<i) = 0. 
Ad (i). The equality ([5]) implies that z 1— ► ^((^"(z)) is symmetric polynomial 

mapping. In particular, the polynomial 

n / n \ m 

(14) C»3( Zl «n)^[I E 

qj,k(zk — do) 
3=1 \fc=i / 

is symmetric. 

Let TV, := #{fc : ^ >fc ^ 0}, j = 1, 2, . . . , n, and let 

N Q := min{#{z : 3^ rjjqj^ = z} : rjj, £ T, rff = 1, j = 1, . . . , n}. 

The matrix Q*T] for 77 = (771, ... , 77„) € T n , rjj 1 = 1, j = 1, . . . , n, such that Aq = 
#{z : 3^^ r\j<ij.k — z} we call the reduced matrix of the matrix Q. Note that 
the polynomial (1141) has n different — up to multiplicative constant — linear factors. 
Consequently, cither 

(i-i) Nx = • • • = N n = 1, or 
(i-ii) Ni = ■ ■ ■ = N n = n - 1, or 
(i-iii) Ai = • • • = A„ = n. 

We consider these cases separately. 

Case (i-i). If Nj = 1, j = 1, 2, . . . , n, then for any fc there is a unique j = j(k) 
such that g^fc ^ 0. Consequently, 

¥>(Z1, . . . ,Z n ) = (qi : a(l)( z a(l) - a o), • • • ,<?n,<j(n)( z (j(n) ~ a o)) 
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for some a 6 & n . First equality in implies that ao — and |9j,o-(j)| = 1; 
j = 1, . . . , n. Repeating the argument from part (a) we conclude that ip is of the 
form (O. 

Case (i-ii). Suppose now that Nj = n — 1 2, j = 1,2, ...,ra. Then the 
symmetry of the polynomial (|14j) implies that for any k there is a unique j such 
that qj t k — 0. We consider two cases. 

• Assume that Nq = 2 and if qj.k 7^ then q^\. = r)ja, rjj g T, 77'" = 1, 



j,k = 1, 



, n. 



for some a£C,. First equality in (fTT|) implies 



(15) 



(16) 



(n - 1)|«| 2 = 1 + M 2 |i?| 2 , (n - 2)|«| 2 = |a | 2 |i?| 2 . 

If ao = then the equalities above lead to contradiction. Therefore assume 
ao 7^ 0. Consequently, \a\ = 1, which, together with the second equality in 
(fTTj) implies 

|i?| 2 -(n-l) 3 |a | 2 = l. 
It follows from (15]) and (JTHJ> that 

n(n - 2) 



l fl o| 



[n - l) 3 ' 



Elementary calculation shows that ~ < -^j for rt ^ 3 — a contradiction, 
since |a | 2 < 

• Assume now that Aq ^ 3. Then the symmetric polynomial (fT?]) has to 
have at least 2n different factors — a contradiction. 

Case (i-ih). Let Nj = n, j = 1, 2, . . . , n. We consider three cases. 

• Nq — 1. Then the first equality in (1TT1) leads to a contradiction. 

• Aq = 2 and one of the entries in the reduced matrix QS] appears in some 
row exactly once. Because of the symmetry of the polynomial (I14p we infer 
that it is the case in every row and in every column. Hence we may assume 
that 



(17) 




if j?k 
if j = k 



for some a, (5 £ C, a 7^ (3, Then equalities (fTTj) give 
f(n-l)| a | 2 + |/3| 2 = l + |a | 2 | J R| 2 



(n-2)H 2 + 2Re(o^) = \a \ 2 \R 



|i?| 2 -n|a | 2 |(n-l)a + /3| 
[a \(n - l)a + (3\ 2 = a \R\ 2 

which, after elementary calculation, implies 



2 l: ,\2 
2 - 1 



(18) 



Ci 



+ C2 



Ci 



(n - 1)C2 



for some ao € K, a 2 , < ~, and Ci> C2 € T. Consequently, 



Ci 



Ci 



+ C2 
-(n-l)C 2 



if j ^ fc 
if j = k 



for some a € R, a 2 , < A, and Ci, C2, % € T, 77™ = 1, j = 1, 
(Ti~8")) implies that 93 is as in (i). 



1. Condition 
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• Nq ^ 2 and each of the entries in the reduced matrix QS] appears in some 
row at least twice. Because of the symmetry of the polynomial (TH)) we infer 
that it is the case in every row. Denote all entries of the reduced matrix 
Q l r\ by a±, . . . , a./v Q and let N aj denote the number of entries of the matrix 
QS] equal to ctj in any row. By the symmetry, the polynomial ([H)) has 
to have nl/fj^j N aj ! different factors. Since N aj ^ 2, j = 1, . . . , Nq, we 
easily conclude that 

n\ 

> n 



— a contradiction. 

Ad (ii). We repeat the reasoning from the case (i). Since a = 0, the case Nj = 1, 
j = 1, . . . , n, implies that </? is of the form ([5]). 

Suppose now that Nj = N G {n — 1, n}, j = 1, 2, . . . , n. Equality ([5]) implies 
that ir n ^ m (z)) = Tr n (<p m (£z)) for any z G B„ and f = . . .,£„) G T n , £j = 1, 
i = l,...,n,l>2. 

• If JV = n, then the polynomial (|14p has to have at least 2 ,l_1 different — 
up to multiplicative constant — linear factors. Consequently, 2™ -1 ^ n — a 
contradiction; 

• If N = n—1 7^ 1, then the polynomial (fll)) has to have at least 2n different — 
up to multiplicative constant — linear factors. Consequently, 2n n — a 
contradiction. 

Ad (hi). In this case condition (|13|) means that for any a G 62 there are r G 62 
and t) = (771,772) G T 2 , 77™ = 1, j = 1, 2, such that 

(19) <p(*) = rnp T (Zcr), zeM 2 . 

Without loss of generality we may assume that a ^ id. We consider two cases. 
Case t = id. Then (1191) for z = (0, ao) and z = (ao, 0) implies ag = or 



(20) 



9l,l = ?7l?l,2 

92.1 = 7/292,2 

91.2 = 77191,1 

.92,2 = 7/292,1 



If ao = 0, then (TTHJ) for z = (0,2:2), Z2 7^ 0, and z = (z%,0), z\ ^ 0, implies again 
condition (f20|) . Observe that f]i — V2 = ^- 

Consequently, we are looking for matrix Q satisfying (jlll) and (|2"U)) . Elementary 
calculation shows that 

• if m is odd, then 77^ = 1, j = 1,2, and (|2Tfl) leads to contradiction with (fTTT) ; 

• if rn is even, then Q satisfies (jlll) iff 7/1772 = — 1 an d ao G M, a 2 , < i. In this 
case Q is, up to permutation of the rows, of the form 

(21) Q= i (V^S V^W), Ci,C 2 GT. 

V2 y C2 -C2 / 

Condition (|21l) implies that is of the form (J5J. 

Case t 7^ id. Then (TT91 for z = (0,ao) and z = ((ap,0)) implies ao = or 



(22) 



9i,i = 77i92,2 

92.1 = r?29i,2 

91.2 = 7/192,1 
.92,2 = 7/291.1 
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If ao = 0, then p^|) for z = (0,22), ^2 7^ 0, and z — (zi,0), z\ ^ 0, implies again 
condition (|2"2"j). which is equal to ([TT|). Consequently, we infer that the matrix Q is 
of the form (jTHJ> , i.e. <p is of the form 0. 
^4d (iv). We consider two cases. 

Case a = id, £ = (1, —1). It follows immediately from (TT51) that r ^ id. Then 
(ITcH) for z = (zi,0), zi 7^ 0, and z = (0, z 2 ), z 2 7^ 0, implies 



91,1 


= ??l9l,2 


92,1 


= ??29l,l 


9l,2 


= -V1Q2.2 


.92,2 


= -%?1,2 



In particular, 771772 = 1- Since Q is unitary, it follows that 

(23) 0-^(4 4), «„, £ .,f=.. 

Case cr ^ id, £ = (1, —1). We consider two subcases. 

• t = id. Then (|13[) for z = (zi, 0), z\ 7^ 0, and z = (0, Z2), Z2 7^ 0, implies 

9i,i = -ViQi.2 

92.1 = -??292,2 

91.2 = ??l9l,l 
.92,2 = 77292,1 

In particular, rjf = rjf = — 1, which is possible only iff 4 | to. If it is the 
case, then Q is unitary iff, up to permutation of rows, 

(24) Q-^fe X), (1 ,(, E T. 

• r 7^ id. Then (fl3|) for 2 = (z\, 0), z\ 7^ 0, and z = (0, Z2), Z2 7^ 0, implies 

91,1 = -Til 92,2 

92.1 = -77291,2 

91.2 = 7/192,1 
.92,2 = 7/291,1 

In particular, 771772 = — 1, whence 771 = —772. then Q is unitary iff, up to 
permutation of rows, 



(25) Q^c(_ ?;V ^-^ YJ. C^GT, 7,™ = !, re [0,1]. 

Straightforward calculation shows that the only unitary matrices satisfying (|2"3)) 
and f (|24[) or (|25p) are, up to permutation of rows, of the form 

(26) Q = -^Q C,^T,^ = 1. 

It is easy to sec that unitary automorphism y> of B 2 represented by matrix (|26[) 
satisfies condition (TT5|) . Since ([TT?)) is also satisfied by the automorphism <p of the 
form ([6]), the proof of the case (iv) is finished. □ 
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